Albatrosses can travel a thousand kilometers daily over the oceans. This feat is achieved through dynamic soaring, a non-flapping flight strategy where propulsive energy is extracted from horizontal wind shears. Dynamic soaring has been described as a sequence of half-turns connecting upwind climbs and downwind dives through the surface shear layer. We analytically and nu-5 merically investigate the aerodynamically optimal flight trajectory for varying shear thicknesses. Contrary to current thinking, but consistent with GPS recordings of flying albatrosses, in thin shears the optimal trajectory is composed of small angle arcs. Essentially, the albatross is a flying sailboat, sequentially acting as sail and keel, and most efficient when remaining crosswind.
• , a mere third the half-turn's 180
• . In this article we explain how fundamental this distinction is. We numerically studied the dependence of the aerodynamically optimal trajectory of DS on shear layer thickness. We discovered that contrary to prevailing theory, in the thin shear layer regime it is a sequence of arcs of vanishingly small angle, with the direction of flight nearly crosswind at all times. We were able to explain this observation 45 analytically, lowering the wind required for DS by over 35% compared to previous models (5) .
For the albatross, the half-turn picture with up-and downwind transitions is misleading, as it is suboptimal both energetically and for travel speed. Our theory conceptually unifies dynamic soaring, gust soaring (22), turbulence soaring (23, 24), and other wind energy harvesting techniques such as sailing.
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The energy extraction mechanism in DS relies on a transfer of momentum from fast to slow air, and any theory starts with formulating the structure of the wind field. In the last two decades, a popular approach has consisted in attempting to perform accurate numerical modeling of the albatross flight in logarithmic or power law profiles, deemed good models of the average wind field in the first 20 m above water , where the albatross flies. However, in this framework it has 55 been shown (8, 25 ) that DS is extremely sensitive to the wind field in the first meter above the surface, precisely where wind-wave interactions and temporal variability make the logarithmic model less accurate.
In contrast, Rayleigh's wind model has merit beyond the realm of qualitative analysis for modeling the sharp wind shear in separated regions, such as behind breaking waves or mountain 60 ridges. Recent studies suggest that wind separation in ocean wave fields may be more frequent than previously believed ( (20, 26, 27) and Fig. 1A ), further reducing the relative merit of log- The Rayleigh cycle describes the albatross' flight as a sequence of half-turns between the windy and slow regions. At each layer transition, there is an airspeed gain equal to the wind speed, which compensates inherent drag losses that are quadratic in airspeed. However this trajectory is suboptimal for energy extraction. Instead, the optimal cycle (C) is composed of a succession of small angle arcs. The flight portion in the wind layer is functionally analogous to the sail of a sailboat while the portion in the slow layer is analogous to the keel of a sailboat (D).
based approaches.
We modeled the wind with a logistic profile (Fig. 1B) parameterized by the free stream wind speed W 0 and the shear layer thickness δ
This captures not only the main features of separated winds over ocean waves but more generally of any flow with a typical wind inhomogeneity W 0 developing over a typical length-scale δ, such as in turbulence soaring. The regions z −δ, |z| 4δ, z δ represent the boundary layer or separated region, shear layer and windy free stream layer, respectively. In the thin shear limit δ → 0 the model converges to Rayleigh's.
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We numerically addressed the following question: for a given shear thickness δ, what is the trajectory that requires the least amount of wind? We applied a direct collocation approach to a 3D point mass glider model defined by its wing loading m/S and lift-drag coefficient Starting from thick shear (δ λ) and reducing it progressively until the thin shear regime (δ λ) was reached, we computed the optimal loitering (circling and therefore constrained to be half-turn based) and traveling trajectories ( Fig. 3 and ST2 ).
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In thick shear all trajectories are significantly three-dimensional, the loitering and traveling trajectories are quantitatively similar, and the turn amplitude of the traveling trajectory is large.
In thin shear, the loitering and traveling trajectories are qualitatively different. While the loitering trajectory remains significantly 3D, the traveling trajectory's extension in the z-direction shrinks and it becomes approximately 2D. For very thin shears it approaches a quasi-straight
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Decreasing shear thickness only about 2/3 as much wind as the loitering trajectory (Fig. 4) . The main characteristics of our numerical model are strikingly consistent with albatross flight data, especially given the uncertainty associated with the wind field.
The convergence of the traveling trajectory to the neighborhood of z = 0 greatly reduces 90 the problem complexity and it was possible to build an analytic model in this limit ( Fig. 2B and ST1). The cycle may be decomposed into glide phases on either side of, but close to, z = 0 where the wind shear is weak and airspeed is lost due to drag, and transitions across z = 0 of vanishing duration but finite impulse (called "swoops" in e.g. (22)). Denote ψ the airrelative heading angle, defined to be 0 when the glider is flying crosswind. During glide the 3D
. During the transition through z = 0, for large glide ratios the change in airspeed is ∆V = W 0 sin |ψ 0 |. Balancing the airspeed loss during glides and airspeed gain at transitions brings the relation between wind intensity W 0 , average airspeed V and heading angle at transition ψ 0 :
The minimum wind-airspeed pair
is reached for ψ 0 → 0 (small amplitude turns), not for ψ 0 = π/2 (half-turns). This represents the DS analogous to the famous Betz limit of wind energy (29). Furthermore, it can be shown that it constitutes the benchmark for soaring in transverse turbulence when the characteristic turbulence scale is small compared to λ. Lastly, our analytic model is consistent with our numerical results (Fig. 4) , and consequently provides strong qualitative agreement with the Thus, DS actually presents strong similarities to sailing: sailboats transfer momentum from the fast wind to the slow moving ocean by means of two lifting surfaces, the sail and the keel,
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in a manner that is most efficient when operating near crosswind. A DS system effects a similar transfer of momentum from the fast wind to the slow boundary layer, playing sequentially the roles of a sail while in the free stream and that of a keel while in the boundary layer ( Fig. 2C and D). Like the sailboat, it is most efficient when flying near crosswind.
In practice, several factors limit the cycle frequency of DS. Our analytic model is strictly This new conceptual framework has important implications: beside constituting the basis for rich allometric extensions, the improved understanding of the albatross flight and the uncovering of the potentially major role played by wind separation behind waves in its soaring ability help 135 refine the characterization and prediction of the albatross' habitat in a changing climate (30).
In the quest for a robotic, bioinspired albatross, Eq. (3) 
ST1 Analytic model Equations of motion and non-dimensionalization
The analysis utilizes a 3-degree of freedom glider model. Our formulation follows closely (5, 9) in the frame or reference (i, j, k) = (e East , e North , e Up ) with the state x = (V, ψ, γ, z, x, y) where V is the glider airspeed, ψ is the angle between x and the projection of the airspeed V in the 
Note that x, y may be considered as output rather than states as they don't feed back into Eqs. (4a-4d). We are looking for the minimum wind trajectories, i.e. periodic in the states V, ψ, γ, z. In particular we do not require staying upwind. Lift and drag are specified according
where f max is the glider maximum lift-to-drag ratio.
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The problem is non-dimensionalized as follows: the natural velocity of the problem is the glider's cruise speed at c L = 1, namely V c = 
Two-Dimension limit
The Rayleigh model is defined as follows: the wind field takes the simplified form w(z) = 0 forz ≤ 0 and w(z) = w 0 forz > 0; w 0 is the difference in wind speed between the two layers. Assuming that the glider trajectory is also nearly 2-D, the glide and transition equations take a simple form, given below.
Glide
Consider the dynamics of a glider evolving according to Eq. (5) 
Eliminating τ , the parametric evolution of v follows:
reflecting the airspeed cost of turning. The sign function is a consequence of the decrease of airspeed with time. Here, f = c L /c D is the glide ratio.
Layer Transition
During layer transition the forces remain finite, but w = wδ induces a finite change of the glider's state. The state transition (ψ − , v − ) → (ψ + , v + ) can be easily computed from ground-speed continuity (a consequence of the forces remaining finite). In airspeed quantities it translates to V + = V − ± W j depending on whether the transition is up or down. This leads to
Note that Eq. (8a) is also smooth near ψ = ±π/2.
Cycle Periodicity 
. . .
In a stationary cycle, the airspeed is periodic v n+1 = v n and the heading angle is antiperiodic ψ n+1 = −ψ n . Therefore the heading angle evolves by ψ 
Large Glide Ratio Limit
Previous studies (5) 
The minimum w, v pair
is attained at the maximum of sinc ψ 0 = sinc(0) = 1. Besides, ψ 0 = 0 also maximizes airspeed 60 for a given w: the small turn trajectory is optimal both for maintaining airborneness in small winds and for maximizing airspeed in large winds. Note that as long as the approximation f 1 holds, the glider's aerodynamic performance measure for the Rayleigh problem is, perhaps unsurprisingly, the minimum power coefficient c
General Case
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Assuming either constant c L , or optimal c L (v) to minimize the airspeed loss, Eq. (7) can be formally integrated by separation of variables and the exact solution to the Rayleigh problem becomes a relatively simple nonlinear algebraic problem.
ST2 Numerical solution by direct collocation
Numerical procedure
70
Our numerical model for Fig. 3 and 4 is based on the EOM of Eq. 5 with w(z) =
We formally rewrite the EOMẋ = f (x, u). The question that we want answered is the following: For a given glider (c D,0 , f max ) and a given shear thickness δ, what is the minimum wind amplitude w 0 that has feasible trajectories, periodic in the state x? More specifically, for the traveling trajectories (right-hand side of Fig. 3 and Fig. 4) , the boundary conditions are The question is cast into a finite dimensional optimization problem by direct collocation.
First, time over one period T is discretized into timesteps [0, n 1 T, n 2 T, . . . , n N −1 T, T ] with 0 < n 1 < · · · < n N −1 < 1. The spacing need not be uniform. We use the shorthand f (x(t), u(t))dt are approximated by
For the traveling problem, the previous discretization leads to the following nonlinear pro-gram (NLP):
A solution to the NLP is a feasible trajectory that locally minimizes the wind required for flight.
Note that the last three relations are purely technical and the inequalities constraints were not 90 active upon solution convergence.
Similarly, the circular problem is cast into
The problem was then solved for various (c D,0 , f max , δ) with a nonlinear solver e.g. SNOPT.
We typically used N = 140 time steps, leading to O(1000) variables and constraints. Our
Python implementation converged in O(1 − 10) minutes on a 2013 Macbook Pro. We used 95 more timesteps than in similar studies. The main reason for this choice is that for small δ the transition through the shear layer is of short duration, and resolving it requires a high level or granularity. To reach very small values of δ and validate the convergence of our numerical model to our analytic model, we leveraged on the possibility to utilize non-uniform time spacing: we started by solving problems with large δ and subsequently adressed smaller δ by adaptively 100 refining the time spacing near the transition in order to maintain a sufficient resolution.
Results
The raw results for the cases illustrated in Fig. 3 
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ST3 Dimensions for the albatross flight
Our numerical procedure solved the non-dimensional equations of DS. Fig. 4 was dimensionalized with the typical characteristics of the wandering albatross as used in (28) and reproduced in Table 1 .
As mentioned in the main text, the exact structure of the wind profile is one of the main 115 sources of uncertainty in DS, and the boundary layer thickness parameter δ of our logistic model that best represents the wind experienced the albatross is similarly uncertain. A very reasonable Mass m (kg) 8.5
Wing area S (m 2 ) 0.65
Glide ratio f max 20 Table 1 : Characteristic of the albatross used in this study. λ and V c are calculated with the air density ρ = 1.2 kg/m 3 and acceleration of gravity g = 9.8 m/s 2 .
assumption is that the effective shear layer thickness perceived by the albatross must be at least of the order of vertical extension of the albatross, from wingtip to wingtip, when it is in a bank.
The albatross' span being ∼3 m, the shear layer perceived by the albatross must be thicker than Note also that the n% shear layer thickness is defined as the thickness, centered around 0, over which the wind field changes by n%, i.e. the height difference z min − z max such that
The actual wind during flight of Fig. 2A is reported in (21) to be 7.8 m/s. In Fig. 4A, our   135 estimate of the wind intensity W 0 perceived by the albatross is smaller: as discussed in the main text, the albatross is only able to harvest a fraction of that wind difference. Indeed even behind separated waves, the mass of air is not at rest with respect to Earth but typically travels at e.g. the wave phase speed (32). In non-separated flows the wind at 1m is typically more than 50% the wind at 10 m and here again, the albatross can only exploit a fraction of the total 140 wind speed (25). In the present study we assume that the albatross may access 25 to 50% of the reported wind speed at 10 m.
ST4 GPS data analysis
The data for Figs. 2 and 4 were extracted from the bitmap Fig. 11 of (21) (reproduced in with color darkness proportional to the curvilinear length of the turn (in meters). Similarly, the beeline progress is overlaid in Fig. 5D .
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While our model predicts the albatross' turn amplitude extremely well, it underpredicts the cycle length (Fig. 5D ). Two factors may explain this: 1) There is a benefit in remaining in the "keel" phase of the cycle because the ground effect reduces drag, possible uplift from wavegenerated winds are a secondary source or energy, and the direction of travel is skewed upwind if more time is spent in the slow layer. This hypothesis is consistent with the observation that 
